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Abstract 
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On , The correspondences between logarithmic operators in the CFTs on the boundary of 

Q^ ', AdS^ and on the world-sheet and dipole fields in the bulk are studied using the free field 

O ; formulation of the ^L(2, C)/SUi2) WZNW model. We find that logarithmic operators 

O 



on the boundary are related to operators on the world-sheet which are in indecomposable 
representations of SL(2). The Knizhnik-Zamolodchikov equation is used to determine the 
conditions for those representations to appear in the operator product expansions of the 



Qh! model. 
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1 Introduction 

String theory on AdS^ is described by the SL{2, R) WZNW model (or its Euchdean 
version, the SL{2,C)/SU{2) coset model). This theory is interesting for a number of 
reasons. It provides a simple example of a string theory in a non-trivial background, 
and it is also one of the simplest examples of a non-rational CFT [|l], 0. It is closely 
related to string theory in black hole backgrounds such as the BTZ black hole ||^ and the 
SL{2, R)/U{1) coset model which describes the two dimensional black hole |Q. There has 
been a great deal of interest in the model recently because it is also the simplest example 
of the AdS /CFT correspondence 0-[|l^. The model also has applications in condensed 



matter physics, to the theory of disordered systems |T^ and the plateau transition in the 
quantum Hall effect [p!4|. 



In addition, the SL{2, R) WZNW model is thought to be an example of a Logarithmic 
CFT [|l5l. The first evidence of this was seen in [jTB], where an asymptotic solution for a 



correlation function of a gravitationally dressed CFT was found which had a logarithmic 
singularity, indicating that there are logarithmic operators in the theory. Two dimensional 
gravity has conserved currents which have the same Kac-Moody algebra as the currents 
in the SL{2, R) WZNW model [|l7l, and the Ward identities which were used to find cor- 



relation functions in that model are equivalent to the Knizhnik-Zamolodchikov equations 
for correlation functions of the WZNW model. Thus, the logarithms that were found 
in some four-point functions in 2-dimensional gravity should also appear in the WZNW 



model [18]. Logarithmic behaviour has also been found in correlation functions of fields 



in finite dimensional representations of SL{2) in the SL{2,C)/SU{2) coset model [p!3[| , 
and recently in exact solutions of the Knizhnik-Zamolodchikov equations for correlation 
functions of fields in infinite dimensional representations of SL{2) as well |[19| , pO 



The presence of logarithmic operators in the spectrum of the SL{2, R) model raises 
several questions. The existence of a logarithmic operator always implies that the primary 
operator which is part of the same indecomposable representation of the Virasoro algebra 
has zero norm, so if all the ghosts are to be eliminated for the theory by the Virasoro con- 
straints, we should not have any logarithmic operators. The no-ghost theorem for AdS^ 
restricts the fields that can appear in the string theory [^, and there may be a further 
restriction if the spectral flow is a symmetry of the theory ||^. It is therefore possible 
that when these restrictions are imposed, the fields which have logarithmic correlation 
functions are excluded, and there are no logarithmic operators. This is exactly the situa- 
tion that occurs in the minimal models, or in WZNW models on compact groups - there 
are operators which have logarithmic correlation functions, but they are always outside 
the set of operators which occur in a unitary or minimal model. However, world-sheet 
logarithmic operators are thought to generate zero modes in target space which restore 



symmetries that are broken by the string background [^ . This has mainly been used to 



study D-brane recoil (see eg. ||23|), but logarithmic operators are expected to occur more 



generally in string theories in non-trivial backgrounds. One of the examples of a string 
theory with logarithmic operators discussed in p2|] is the 2D black hole which is closely 
related to the SL{2, R) WZNW model. From this point of view, it would not be very 
surprising if string theory on AdS^ also has logarithmic operators. 

There are two CFTs associated with the string theory on AdS^ - the world-sheet theory 
and the dual CFT on the boundary of AdS^ that is related to the string theory by the 
AdS/CFT correspondence. The dual theory can also be a LCFT, if there are singletons 
in the bulk of AdS3 [^ |2^. If singletons in AdS^ are related to logarithmic operators on 
the world sheet, we will therefore have a duality between two LCFTs. 

In the next section we briefly review some basic facts about LCFT, the relation be- 
tween singletons and logarithmic operators in the AdS^/CFT correspondence, and the 
logarithms in correlation functions of the SL{2, R) WZNW model. In section (3) we use 
the free field formulation of the WZNW model to construct logarithmic operators, and 
determine how logarithmic operators on the world-sheet and on the boundary of AdSs and 
fields in the bulk are related. In section (4) we use the Knizhnik-Zamolodchikov equations 
to investigate the conformal blocks and OPE of the WZNW model, and determine which 
OPEs include logarithmic operators. 

2 Logarithmic CFT 

A LCFT differs from an ordinary CFT in that the Virasoro generator Lq is not diag- 
onalizable. In addition to the usual primary and descendant fields, it includes pairs of 
operators which form Jordan blocks for Lq: 

LoC = hC, LqD = hD + C (1) 

The fields C and D are therefore in a reducible, but indecomposable representation of the 
Virasoro algebra. This type of operator was first introduced in |]15|, and since then the 



theory of LCFTs has been developed in many papers, including p6[. The operators C, 
D have the two-point functions 

{C{z,,z,)C{z,,z,)) = 

{D{Z,,Z,)C{Z2,Z2)) - 



\Zi-Z2\^'' 



{D{z,,z,)D{z2,Z2)) = , rjrid-2c\n\z,-Z2n (2) 

\Zi — Z2\^^ 

Here c is determined by the normalisation of C and D and d is arbitrary - it can be set 
to any value, using the symmetry of the theory under D —>■ D + AC, which leaves (|1|) 



unchanged. In the next section we will use the free field formulation of the WZNW model 
on SL{2,C)/{SU{2) to identify the logarithmic operators in the AdS^/CFT correspon- 
dence, so we begin by reviewing the free field formulation of LCFTs with c < 1, which was 
developed in p^. In that case, there is a single free field, (f){z, z), and the stress tensor is 

T{z) = ~d,ct>d,ct> +tQdl(P (3) 

for a central charge c = 1 — 2AQ'^. The primary field are the exponentials of (p: C^ = e*"''^ 
with conformal weights ha = ha = a(a — 2Q). Logarithmic operators can be represented 
as derivatives of ordinary fields with respect to h: 

Da = ^Ca = ^0e-* = ^0e-<^ (4) 

ah da a — Q 

Then Da and Ca form the Jordan block for Lq as in ([^). However we cannot write down 
an operator of this form when a = Q, so that h = —Q^ and ^ = 0. In that case, the 
field 06*°"^ is a primary field - in Liouville theory it is the puncture operator. However, 
although there are no logarithms in the two point functions, there are logarithms in the 
four point functions of the field with this dimension. This indicates that logarithmic 
operators must appear in the operator product expansion (OPE) of the field with itself, 
and so the full spectrum of the theory must include logarithmic operators if it includes 
the primary operator with a = Q. In an ordinary CFT the OPE of two primary fields 
has the form 

0M)02{Z2) = E (^^_Jt.,_._. 0.(^2) + • • • (5) 

Where the (■ ■ ■) indicates the contributions of descendant fields. An OPE of this form 
implies an s-channel expansion of four point functions as 

(0,(^00,(^2)0,(^3)0.(^4)) = E I i.i/!^' i.-+.. -^(^)-^(^) (6) 

ll; \Z12Y Ax^/iY^ ^ 

where z = ^12-234/2:13-224 and Fj'j^z) has an expansion in powers of z around the point 
z = 0. In a LCFT, if one of the primary fields Oi is the field with dimension —Q'^/2, some 
of the conformal blocks instead have Fj^j ~ z'^^'^il + Inz + . . .), which requires an OPE of 
the form 

\hi+hj—h 



0.{z^)0,{z,) ~ ^j^T^^iD + Cln \z^ - z,\') + ■ ■ ■ (7) 

\Zi — Z2\ ' ^ 



For that reason the field which has the form 06°"^ but is not a logarithmic operator 
was called a pre-logarithmic operator in ||2^. In the minimal models, with central charge 



•-p,? ~ l~6(p — g)^/pg, the field with dimension a = Q is the degenerate primary field with 
dimension hp^q at the corner of the Kac table. It is therefore excluded from the spectrum 
of the minimal models, which consists of operators with dimensions hr,s, 1 < ^ < P — 1, 



1 < s < g — 1. However, it is possible to define expanded models with the same central 
charge as the minimal models, which include field with conformal weights from the edge 
of the Kac table, and these models do have logarithmic operators. To determine whether 
logarithmic operators can consistently be excluded from the spectrum of the SL{2,R) 
WZNW model, we therefore need to find out which primary fields will have logarithms in 
four point functions in that theory.. 

2.1 LCFT and Singletons 

Since logarithmic operators are in indecomposable representations of the conformal alge- 
bra, in the AdS/CFT correspondence we can expect them to be related to fields which 
form similar indecomposable representations in the bulk of AdS. It was observed in [^ 



that singletons in AdS are objects which are in just that kind of representation |E3. A 



free singleton theory can be formulated in terms of a massive dipole field A which satisfies 

{V^-mYA = (8) 

When rri^ = —D'^/A, which is the lower bound for a stable massive scalar field on AdSn+i, 
this equation has a singleton solution |2^. Eq. (||) can be solved by introducing a second 
field B with the equations of motion 

(V' - m^)A -ij^B = (9) 

The action for field in AdS^^i with these equations of motion is 

S = J d^'+'x^ U^'^d.Ad.B - m^AB - ^B^\ (10) 

Correlation functions of operators Oi{x) in the CFT on the boundary of AdSo+i which 
correspond to fields $i in the bulk can be calculated from the bulk action using the 
relation g, 0] 



exp 



^ / d^x Xi{x)Oi{xi 



-'^^'''^^L.,A,,^=..^^ fill 



; — e ' '^ '"\<}>i{5Ads)=Xi{x) 

CFT 



In p5[ and p4|, this relation was used to find the two-point functions of operators on 
the boundary which correspond to the dipole fields with the action (|T0|) in the bulk. The 
result is that for rn^ ^ —D'^/4, the two point functions are precisely those given by eq. 
(^, with h given by rri^ = 2h{2h — D), indicating that dipole fields in the bulk lead to 
logarithmic operators with those dimensions on the boundary. In [^, but not in [^, 
it was found that the logarithmic correlation functions vanish for m"^ = —D^/4; we will 
return to this discrepancy in section (3.2). 



2.2 Four-Point Functions in the WZNW model on SL{2,R) or 
SL{2,C)/SU{2) 

String theory on AdS^ is described by the WZNW model on SL{2,R), or its Euchdean 
version SL{2,C)/SU{2). This model has the SL{2) x SL{2) algebra generated by left- 
and right-moving currents with the OPEs 






k 



2(zi - Z2)2 

JHZ2) 



Zl - Z2 

k 2J\z2) 



and similar relations for J'^{z). A primary operator ^j{z, z) in the representation of SL{2) 
labeled by j is defined by the OPE 

r{z,)^,{z2) ~ ^^ (13) 

Zl — Z2 

where D"^ are generators of SL{2). It is useful to use the representation of the generators 
introduced in [^ 

D- = -d^, D° = xd^ + j, D+ = -x^d^ - 2jx (14) 

so that the fields are now functions of two complex variables {x, x) and {z, z). The stress 
tensor of the model is given by the Sugarawa construction 



Tiz) = ^ : riz)riz) 



k-2 ^ ' ^ ' k 



^J+J- + ^J-J^ - JV° 



(15) 



So the primary fields have conformal dimensions hj = hj = j(l — j)/{k — 2). The spec- 
trum of the WZNW model includes operators in representations from both the principle 
continuous series of SL{2) with j = \ + is, with s real, and the principle discrete rep- 
resentations with j real. There are also other representations which are obtained from 
these by the spectral flow ||^, but we will not be interested in those representations in 
this paper. We will concentrate on operators with real j > 0, which correspond to local 
fields on the boundary of AdS^. For normalizable functions on AdS^, we should have 
j > 1/2, and for all negative- norm states to be removed by the no-ghost theorem, we 
need j < k/2 |2l|]. If the spectral flow is a symmetry of theory, the spectrum is truncated 
further, and we have 1/2 < j < {k — l)/2 0. When j is equal to the upper or lower 
bound, a continuous representation appears (j = 1/2 is part of the principle continuous 
series, and j — {k — l)/2 is obtained from j = 1/2 under the spectral flow). To determine 



if the spectrum also includes logarithmic operators, the question we need to ask is there- 
fore, are there logarithms in the four point functions (or OPEs) of primary fields with 
l/2<j<(A;-l)/2? 

Correlation functions of the WZNW model satisfy the Knizhnik-Zamolodchikov (KZ) 
equation 

(<l>i(zi)---<l>„(z„)) = (16) 






dzi 



jjLi ^i ^j 



For the WZNW on a compact group, the KZ equation reduces to a system of ordinary 



differential equations. For SL{2,R), using the representations ([T^) , we instead get a 
partial differential equation. The four point function can be expressed in terms of the 
cross ratios z = z^zu/ Z13Z24, and x = xi2Xu/xi3X24,, and Zij = Zi — Zj, as 

(<Pjj(a;i, ^l) ■ ■ ■ <l'j4(X4, ^4); = 1X24 ^14^13^34^24 ^14^13^341 (j[X,X,Z,Z) 



(17) 



Pi = 32 + J3 - J4 - jl , 132 = J4 - jl - J2 - J3, 

7l = /l2 + ^3 - ^4 - hi, 72 = /l4 - /ii - /l2 - /is, 



P3 = 32 + jl - J4 - J3 

73 = h + hi- h4^- /l3 



G{x, X, z, z) can be factorised into the conformal blocks, as 

G{x, X, z,z) = Y^ UijFi{x, z)Fi{x, z) 



[m 



V 



and the KZ equations for the conformal blocks are then [^0|, [TT 

Q 



(A;-2)^F(x,z) 



V 

— + 

z z 



F{x,z) 



(19) 



where 



V 
Q 



-x'il 



^2 



—x{l — x) 
+2j2r(l - 



dx'^ 



[t + 1)x^ - 2jix - 2J2x{l 



x] 



d_ 
dx 



+ 2J2rx - 2jiJ2 



dx"^ 

X) - 2J3J2 



1)(1 



X] 



2j3(l 



X 



2j2x(l - x] 



d_ 
dx 



(20) 



and r = jl + J2 + J3 — J4. To find the complete four-point function, and the OPE of the 
operators in it, we need to determine which conformal blocks are included in a solution 
which satisfies the conditions of crossing symmetry and is single valued in the region of 
the singularities at a; = 0, 1, cxd. The complete solutions for some four point functions, 
with logarithmic behaviour which requires logarithmic operators in the OPE, were found 
in pO|, |19], but all the correlation functions calculated in which logarithms were found 
included operators with j < 1/2. For example if ji = J3 and J2 = J4 = 0, the solution is 

m 



G{x,x, z, z) = In 



1 — X 



x 



k-2 



1-z 



(21) 



This correlation function involves the operator in a non-trivial representation with j = 0, 
which is not expected to be part of the spectrum of string theory on AdS^, although it 



may be relevant to the theory for the Quantum Hall plateau transition [14, 19 1. However, 
the KZ equation has a symmetry which can be used to relate this four point function 
to the four point function with J2 = J4 = 1. If 1 — 2J2 is a non- negative integer, then 



Q^i-ij2 ^{^-1 ^) is a solution to the KZ equation with J2 replaced by 1 — J2 [10] • Using this 
symmetry we can see that the four point function with J2 = 1, Ji = Js, J4 = has no 
logarithms - it is simply 



G{x, X, z, z) 



1 



X 



1 



X X 



X 



(22) 



Therefore the correlation functions calculated in [jT^, ^ do not prove that there are 
logarithmic operators in the WZNW model. We will look more closely at correlation 
function of operators with j > 1/2 in section (4). 



3 Logarithmic Operators in AdS^ 

3.1 Semiclassical Approach 

The action for the WZNW model on SL{2,C)/SU{2) can be written using the Gauss 
parameterization of SL{2, C) as [0 



S = k d'z 



+ d-id^e^'^ 



(23) 



This action describes strings propagating in the Euclidean AdS^, target space, with (0, 7, 7) 
being coordinates on AdS^. The zero modes of the currents are realised by 



Jo = 9^, Jo = 7<97 - -5<^, Jo = l^d^ - 
with similar expressions for J". Primary fields ^j{z) satisfy 

J»$^. = D^^j, J^^j =0, n>0 

with D"^ given by (|l^ . The primary fields which satisfy (p5|) are [|ll 



-2*9. 



$. 



1 



{-f - x){-f - x)e^ + e-'t' 



2i 



These fields can be expanded as 

^j{x, X, z,z)=J2 a;-^'+'"x-^'+'^$7(;z, z) 



(24) 



(25) 



(26) 



(27) 



The vertex operator p6| ) has the form of a boundary-bulk Green function for a scalar 
field on AdSs, with mass given by 



m 



4j(l-j) 



(2J 



This is because $j is an eigenfunction the Laplacian on AdS^, which in the (0,7,7) 
coordinates is just V^ = 2{JqJq + JqJq)-, with the Jq given by eq. (^. The new 
variables x, x can therefore be considered as coordinates on the boundary of AdS^ [H 

As in the Cp^q models, we can expect logarithmic fields to be given by the derivative 
with respect to hj of the primary fields. We therefore define 



$,■ 






1 



n2j 



(7-x)(7-x)e'?^ + e-'^ 



so that $j and $j satisfy 



Lo$j = hj<^j, Lo^j 



In (7 — x)(7 — x)e'^ + e 



1 - 2? 
^ ^ k-2 ^ 



(29) 



(30) 



This has the same form of (P, with C = $j and D = jzi'^j giving the conventional 
normalization of the logarithmic pair. We can also see that when j = 1/2, Lq becomes 
diagonal and so $1 is not a logarithmic operator. The action of the currents on $,■ is 



J,^, - 


= D-$, 


Joh - 


= Z}°% + <l>j- 


4^, - 


= D^^j + 2x<^ 



(31) 

where D^, D^ are given be eq. (|14D; also J^$j = for n > 1. The operators $j and ^j are 
therefore in an indecomposable representation SL{2) as well as of the Virasoro algebra. 
However, these representations are not the same as the indecomposable representations of 



the Kac- Moody algebra which were discussed in |18|, |23]. The difference is that in those 
representations, the Casimir operator JqJq was diagonal, and so the operators in those 
representations were not necessarily logarithmic operators as far as the Virasoro algebra 
was concerned. However, we will see that the type of four point functions which were 
analyzed in [^ are consistent with OPEs which include the $j type of field. Eq. (|3l| ) 
also applies when j = 1/2, so that $1 is in an indecomposable representation of SL{2) 
even though it is an ordinary primary field in an irreducible representation of the Virasoro 
algebra. 



Eq. (pTD is consistent with eq. (pO| 



since JqJq^j 



i{l- i)^j + {l-2j)^j. Because 
JqJq is the Laplacian on AdS^, this means that <^j is the boundary-bulk Greens function 
for dipole fields with the equation of motion (|]), just as the usual vertex operators $j 



8 



are boundary-bulk Greens functions for scalar fields. As before the mass is given by (p8[). 



In fact this follows immediately from the way we defined $j, since in P5| , |24| this Green 
function was already found to be given by differentiating the Green function for scalar 
fields with respect to m^ or j. We can therefore identify dipole fields in the bulk with 
vertex operators on the world sheet which are in indecomposable representations of the 
global SL{2) symmetry. To see directly that these vertex operators lead to logarithmic 
operators in the CFT on the boundary, we need to show that the correlation functions of 
these operators have logarithmic dependence on x as well as z. 

We can use eq. (0) to derive Ward identities for correlation functions of the fields 
$j. These are just the same as the Ward identities for the logarithmic pair of operators 
in an ordinary LCFT, with z replaced by x and h replaced by j: 



'dD + Dl, 


{^j{Xi,Zi)^j{x2,Z2)) 


'd^) + D^2)_ 


{^j{XuZi)^j{x2,Z2)) 


PW + ^(2)^ 


{^j{Xi,Zi)<l>j{x2,Z2)) 


'.^h + ^5)^ 


{^j{Xi,Zi)^j{x2,Z2)) 


^^(1) + ^(2)^ 


{^j{Xi,Zi)^j{x2,Z2)) 


Pt) + ^i2)_ 


{^j{XuZ,)^jix2,Z2)) 



0, 



±,0 



D 



(1) 



D 



(2) 



{^j{Xi,Zi)<!?j{x2,Z2)) =0 
-{^j{Xi,Zi)^j{x2,Z2)) 

-2x^{^^{xi,Zi)^,ix2,Z2)) (32) 

-{^j{Xi,Zi)<l>j{x2,Z2)) - {<^j{Xi,Zi)^j{x2,Z2)) 
-2Xi{<^j{Xi, Zi)^j{x2, Z2)) - 2X2{^j{Xi, Zi)<^j{x2, Z2)) 



Where -D?^.\ is given by ([1^ ) with x = Xi, and there are similar equations for the x 
dependence. The conformal Ward identities lead to two point functions of the form (|^) 
for C = ^j and D = j^^j, except that c and d in (^ can now depend on x. The 
solution to eq. (|32|) for the two point functions are then 

{^j{Xi,Zi)^j{x2,Z2)) = 
{^j{Xi,Zi)<l>j{x2,Z2)) -- 



kl — Z2\^^^\Xi — X2\^^ 



(33) 



{^j{Xi,Zi)^j{x2,Z2)) 



Fi 



Z2\^^^\Xi 



X2 



|4i 



d' 



' k-2 



In \zi — Z2P — 2 In \xi — X2I 



since (x, x) are the coordinates on the boundary of AdS^, this confirms that these fields 
also give logarithms in the CFT on the boundary. Of course, to find the complete cor- 
relation function is the string theory we would have to include the contribution from 
the internal CFT, and integrate over Zi, but that cannot change the way the correlation 
functions depend on x. The correspondence we have is therefore 

$j (world-sheet CFT) — > dipole fields in AdS^ — > LCFT on boundary of AdS^ 



3.2 



J 



When j = 1/2, the Inz term in the two point function vanishes, and Lq becomes diag- 
onahzable in eq. (PD]). Thus $i, hke the puncture operator in Liouville theory, has the 
form of a logarithmic operator but is actually a primary operator. However, it is still in 
an undecomposable representation of the Kac-Moody algebra, and thus we can expect 
that other indecomposable representations will appear in the OPEs of $1 with other pri- 
mary fields. Since operators in the other indecomposable representations are logarithmic 
operators, this means that if $1 is part of the spectrum of the WZNW model, there will 
also be logarithmic operators in the spectrum. This is the same situation as is familiar for 
the pre-logarithmic puncture-type operators in the Cp^q LCFTs, except that in this case, 
we can see that it must occur because the pre-logarithmic $1 operator is already in an 
indecomposable representation of the full symmetry algebra of the model. 

The In x term in eq. (^) does not vanish for j = 1/2, and so it will still be a logarithmic 



operator of the CFT on the boundary. This appears to contradict the result of |]2^, where 
it was found that for the singleton with mass m^ = — 1, which corresponds to the vertex 
operators with j = 1/2, all the logarithmic correlation functions on the boundary become 
null. However, we can check that there is no real contradiction, because the dipole fields 
with m'^ = — 1 considered 



m 



2l| and |25| actually have different actions and equations of 
motion, so provided $j turns out to be the boundary-bulk Green function for the action 
considered in ||25|, it will indeed couple to a logarithmic operator on the boundary. 

In both |]25[ and |]2^, the action has the form of eq. (|10|), but in |^ fi is taken to be 
a constant, /i^ = 1, while in |25] /i is taken to be given by /i^ = 4j — 2 (in 3 dimensions). 
When /i 7^ the two actions are equivalent, since /x^ can always be set equal to 1 by 
replacing A and B with A' = fiA and B' = fi~^B. When j = 1/2 the two versions of the 
action are inequivalent, and if /z 7^ the result of [P3| that there are no logarithms on the 
boundary will apply. It is therefore more useful for us to take /i^ = 4 j — 2 as in [^ , so 
that when j = 1/2, /i = 0, and the action ([T0| ) reduces to 



(34) 



S= f d^xy/^ (g^'d^Ad^B + AB) 



and the equations of motion are simply 

(V^ + l)5 = {V^ + 1)A = 



(35) 



It was observed in |31| that in the AdS^/ CFT correspondence, a logarithmic operator 
on the boundary with dimension 1, corresponding to m'^ = — 1, would have equations of 
motion in the bulk with no diagonal terms, but that was interpreted as meaning that 
there could be no logarithmic operators on the boundary with m'^ = — 1. To see why this 
is not necessarily true, we can see what happens when we start from the equations which 



10 



determine the Green functions for j ^ 1/2, and take j -^ 1/2. The Green functions Kij 
are determined by the equations 



V' - m') Kaa - (^^Kba = 0, (V' - m^) Kbb = 

(V^ - m^) Kab - fJ^^KBB = 0, (V - m^) Kba = (36) 

together with the boundary condition that K^j = on the boundary of AdS^. Even when 
j 7^ 1/2, these equations have more than one solution, depending on whether we take Kij 



to be symmetric or not [24|. If Kij is symmetric, the solution is 



Kbb = 0, Kab = Kba = K, Kaa = \^ (37) 

where K is the boundary-bulk Green function for a massive scalar field, which was found 
in 0, and in the (0, 7,7;x,a;) coordinates is ^j. The other independent solution is 

Kba = ^. Kaa = Kbb = K, Kab = \^ (38) 

Although there are two choices for the Green functions they both lead to the same two 
point functions on the boundary. The only differences is that in the symmetric case, the 
field A couples to the logarithmic operator D on the boundary and B couples to the 



primary operator C, while in the non-symmetric case, A couples to C and B to D [Q. If 



we choose the normalization of ||2^, both solutions still apply when j = 1/2, because then 
^^ = and so ^ commutes with (V^ — m^). The calculation of the two point functions 
using ([TT| ) then proceeds in exactly the same way when j = 1/2 as when j ^ 1/2, so 
either choice still leads to logarithms on the boundary. The difference is that there is now 
a third solution for the Green functions, which is just Kaa = ^bb = -^5 i^AB = ^ba 
=0. Since the Green functions are then the same as for ordinary scalar fields, there will 
be no logarithms on the boundary if we make this choice. We therefore cannot determine 
if there will be logarithmic operators on the boundary just using the action ( [3^ ) - we 
need some information about interactions in the theory. Instead, we can try to determine 

whether the spectrum of the CFT on the world-sheet includes $1, which would indicate 

2 

that we do have a logarithmic operator on the boundary, or only $1 in which case there 
are no logarithmic operators. 



4 Conformal Blocks and OPEs 

To decide if there will be logarithmic operators in the theory, we need to know if only the 

operator $1 occurs, or if $1 appears as well. We are therefore interested in the OPEs 

2 2 
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of primary fields for which $i, and possibly also "I'l occur. If there are no logarithmic 
operators, the leading terms in the OPEs are 

J3 I i^l I J-^l 

In general there is also another contribution to the OPE which is an integral over j = 
1/2 + is, which we ignore here. If all the OPEs are of this form, there can be no logarithms 
in correlation functions. The other possibility is that, when j^ = 1/2 appears in the OPE, 
it becomes 



CiJi,J2,i 






C(jl,j2,j 3 

In either case the OPE also has descendant terms of higher order in x and z. The possible 
values of J3 which occur in the OPE can be determined from the three point functions of 
primary fields which were calculated in |1TT| , |12[ . They are give by the poles of the function 



(from eq. (5.29) of 0) 
... . ^ /1,-2.^^X&!L V""" 1 f T(2j„6) 



k r(l - h^)) T((ji + j2 + J3 - m „tl T((ji + J2 + J3 - 2j.)6) 

(41) 

where 6^ = l/(fc — 2) and T(a;) is the T-functions defined in |]32[. T(x) has zeros at 



, ?^ , >, 7^ + 1 
x = —mb — —, (m + 1)0 H — , m, neZ>o (42) 

and so L)(ji, J2, ja) has poles when one of the combinations J1+J2-J3, J2+J3-J1, J3+J1-J2 
or ji + J2 + J3 — 1 takes one of the values (m + 1) + (ra + 1)(A; — 2) or —m — n{k — 2), for 
a pair of non-negative integers {m,n). To have J3 = 1/2, we can therefore choose ji, J2 
so that 2(ji — J2) £ Z. However, we cannot tell from the three-point function which type 
of OPE we have, because both ( p9D and ( ^OD lead to the same three point function for 
($jj$J2$i). The logarithmic term in eq. (^Dj) does not contribute because the two point 
function of $1 must be null, as in eq. (p4D, if $1 is in the OPE. To decide which OPE is 
correct, we can consider the four point functions 

{^j^{Xi, Zi)^j^{x2, Z2)^J,{X3, Z3)^J.^{X4, Z4)) (43) 



which can be written in the form of eqs. ([T^JTSl ) with J3 = ji and J4 = J2- Whichever 
OPE is correct (provided there are no Inz terms), the s-channel conformal block which 
contains the contribution of $j to the OPE of $j^ and $^2 can be written as 



00 



Fj{x, z) = z^^-''^-''' E z'^ji^) (44) 

n=0 
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The function Fj{x) then contains all the contributions to the OPE of $ji$J2 which are 
descendants of $j of Virasoro level n. In particular, Fj{x) determines the OPE coefficients 
of all the operators {J^)^^j. The KZ equation (0) becomes a system of equations for 

[P-{k- 2){hj -hi~h2- n)] F^=[V+Q-{k- 2){hj -hi-h2-n+l)] F]-^ 

(45) 
where V and Q are given by eq. pO| ) with J3 = ji and J4 = J2- If we now write 
Fj{x) = x'^~^+Fj, j± = ji ± J2, the equation for Fj becomes a hypergeometric equation 
and the solution is 

F%x) = fj{x) = x'~^+F{J + j_, J - j^;2J;x) (46) 

The other solution of the equation for Fj is /i_j(x), provided 2J is not an integer, so in 
order to have an OPE which only includes operators <l>j with J > 1/2, we have to choose 
the first solution. If J > 1 and 2J G Z, the second solution instead has the form 

f^f\x) = \nxfj{x) + x^-^-^+H{x) (47) 

where H{x) is a function which is regular at x = 0. A four point function of this form 
would imply both that the OPE included a primary field with spin 1 — J which is less 
than 1/2, and that the OPE has a In a; term but no Inz term, which from the previous 
section we know can only happen for J = 1/2, so we again have to take the first solution. 
If Ji = J2, the identity operator with J = contributes to the s-channel expansion and 
we have 

/o(x) = x-^^'F{0, 0; 0; x) = x'^^' (48) 

In this case -Fj=o h^s only a single term, since the operator $0 in the OPE is just the 
identity, and not the non-trivial operator with J = we considered in section (2), so 
Jo$o = and does not appear in the OPE. The second solution in this case is fi{x), 
which gives the conformal block for J = 1. In all cases, Eq. (|45D can be turned into a set 
of algebraic recursion relations using 

Pfjix) = [(J(l-J)-j,(l-j,)-j,(l-j,)]fj(x) 



[V + Q] fj{x) 



-x(l-x)^ + (2x-l)- 



fAx) 



E CUAx) (49) 

j'=j,j±i 



where 

c'r' = -{J-uf 
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C'j 



c]^^ 



J{J-l)- 
iJ- + J)iJ- 



■J) 



2„-2 



2)-f 






(50) 



4J2(2J+1)(2J-1)_ 
J^((J - 1)2 + 2j+(J - 1) + J+ - £) + 2J£(1 



3+] 



£(jv-i: 



Thus, Fj{x) can be expressed as a sum of the functions fxix), with K = J, J±l, ■ ■ ■ , Jin, 
for any J ^ 1/2, and, as we expected, the OPE has the form of eq. (p9D with no 
logarithmic operators. The one remaining case to consider is J = 1/2. This can occur if 
2j_ G Z, so the simplest possibihty is to take j_ = 1/2. Then we have 



h 



X2 



-^J+ 



F(hO:l:x) 



X2 



-3+ 



(51) 



This will give us a conformal block with no logarithms, but a solution of this form implies 
that $1 appears in the OPE but Jq^i does not, so that the three point functions satisfy 



{<!>j,{xi,Zi)<!>j,{x2,Z2)^i{x3,Z3)) ^ 



{<!>j^{Xi,Zi)<^j^{x2,Z2) Jq<^i{x3,Z3) ) 



(52) 



d 



dx3 



{<^j, (Xi, Zi)<^j^{x2, Z2)<^1{X3, Z3)) = 



These cannot both be true, so the only way to get an OPE with no Inx terms is if $i 

does not appear at all. To get an acceptable OPE including $i we therefore have to take 

2 

the general solution for F?, which is 



Fi"(x) 



X2 



-J+ 



A In 



X 



B 



(53) 



and the recursion relations for F£ are then 

2 



V 



8 2 



j+ + n{k - 2) 



F? 



V+Q--+ 



?2 



U + in-l){k-2) 



F{ 



71-1 



(54) 

A conformal block of the form ([53|) implies that the leading term in the OPE must have 
the form of eq. (|40|) , and so we can see that it is impossible to have $i in the spectrum 
of the WZNW model without $i also being included. 

Finally, we can show that the inclusion of $i also implies that the spectrum must 
include other logarithmic operators, which will have correlation functions which depend 
on Inz as well as Inx, by considering the OPE of $i and $j. The form of the OPE for 



$i$j will as usual be given by eq. (|39D , and then the OPE of $i$j can be found by 



applying the currents Jq to both sides of the OPE, or more simply by differentiating eq. 
(H) wrt ji, giving 

C(ij,j3) 



$i(xi)$,(x2) = ^ 



\2(\ + i-i^\\ :2{hi+hj-h3) 



ln|xi2| $-,3(x2,^2) + $^3(2^2,^2) (55) 
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The only way to avoid having logarithms in both x and z in the WZNW model is therefore 
if all correlation functions of the primary field with j = 1/2 vanish. 

5 Conclusions 

We have shown that the CFTs on the world-sheet and the boundary of AdS^ can both have 
logarithmic operators. We therefore have a duality between two LCFTs. In most cases, 
primary operators on the world sheet are mapped to primary operators on the boundary 
and logarithmic operators are mapped to logarithmic operators. However, because loga- 
rithmic operators on the boundary have to be in indecomposable representations of the 
global part of the Kac-Moody algebra on the world-sheet, but do not have to be in inde- 
composable representations of the world-sheet Virasoro algebra, it is possible for primary 
operators in one CFT to correspond to logarithmic operators in the other. The field with 
j = 1/2 is one example - it is a logarithmic operator on the boundary but not on the 
world-sheet. An operator which was in an indecomposable of the world-sheet Virasoro 
algebra but not of the global SL{2) algebra would be logarithmic on the world-sheet but 
not on the boundary - the logarithmic operators which occur in finite dimensional repre- 
sentations of SL{2) are of this type. It is therefore possible that in other models a LCFT 
could be dual to an ordinary CFT - for example, there could be logarithmic operators in 
the world-sheet CFT for string theory on AdSD>3 which describe d-brane recoil in those 
theories, without there being logarithmic operators in the CFT on the boundary. We have 
also seen that most, but not all, of the logarithmic operators in either CFT correspond 
to dipole fields in the bulk. 

The fields with j = 1/2 play a crucial role in determining whether the WZNW model 
on SL{2,R) or SL{2,C)/SU{2) is a LCFT or not. This is the representation which has 
the minimum value of the conformal dimension in the discrete series, and the maximum 
value in the continuous series. It also corresponds to the minimum mass^ for scalar fields 
in AdS^, it is the only field which can be in an indecomposable representation of SL{2) 
but still be a primary field in an irreducible representation of the Virasoro algebra on the 
world sheet, and it is the only field which can couple to a logarithmic operator on the 
boundary of AdS^ even if it has the same equation of motion in the bulk as an ordinary 
scalar field. Like the puncture operator in minimal models, the operator $i is not a 

2 

logarithmic operator (on the world-sheet) but logarithmic operators occur in the OPE 
of $1 with other primary fields. However, unlike the puncture operator, $i is not in 
an irreducible representation of the complete symmetry algebra of the theory, and this 
provides a simple way to understand why the logarithmic operators must be included in 
a theory with <I>i in the spectrum. 
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The major question raised by these results is, what are the imphcations for string 
theory on AdS^I Logarithmic operators in string theory are thought to generate additional 
target space symmetries, and it would be interesting to know what zero modes in the string 
theory are generated by the logarithmic operators in this WZNW model- for instance, 
it has been suggested that logarithmic operators might restore the Poincare symmetry 
broken by the position of the branes in the D1-D5 system. It is therefore important to 
find out for which values of j the logarithmic operator as well as the primary operator is 
part of the spectrum. The simplest solution would be if the fields with j = 1/2 decoupled 
completely from the spectrum, in which case there would be no logarithmic operators, 
but this seems to conflict with the 3-point functions calculated in |Jll], [l^. We have found 



that if there is a scalar field with rn^ = — 1 in the bulk theory, there must also be dipole 
fields with m^ > —1. It would be interesting to understand why this should be true in 
the supergravity theory. 
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